Abstract. Nuclear and neutron matters are investigated in the low density region, well below the nuclear saturation density. Microscopic calculations, based on the Bethe-Brueckner approach with a few realistic nucleon-nucleon potentials, are compared with the predictions of a set of phenomenological effective interactions, mostly employed in nuclear structure studies. An energy functional is constructed on the basis of the microscopic bulk EoS and applied to a selection of nuclei throughout the mass table. The results provide a microscopic basis for a link between nuclear surface behaviour and neutron EoS previously observed with phenomenological effective forces. Possible effects of pairing on asymmetric nuclear matter are also analyzed in detail. The results are expected to illuminate the physical mechanisms which determine the behaviour of the surface density tail in exotic nuclei.
Introduction
Most of the studies of symmetric and asymmetric nuclear matter have been restricted to densities from about saturation (∼ 0.15 fm −3 ) to few times this value. This density interval is the most important for the physics of neutron stars and of heavy ion collisions, both at intermediate and relativistic energies.
In finite nuclei, the surface region is characterized by a density profile the detailed shape of which is determined in nuclear structure calculations by the gradient term in phenomenological effective nucleon-nucleon (NN) forces such as the Skyrme forces [1, 2] , or by a finite range interaction as in the case with the Gogny force [3] . In exotic nuclei, with large asymmetry, the density drops at the surface with a relatively smooth profile. The neutron to proton ratio can be quite different from the bulk one, which gives rise to phenomena like the appearance of a neutron skin or of a neutron halo. But even for normal nuclei the asymmetry in the far tail may vary substantially from the one in the bulk. In a Local Density Approximation (LDA) picture the detailed asymmetry structure, and thus also the surface profile, should be related to the properties of asymmetric nuclear matter at density much lower than the saturation one. In particular, the symmetry energy a y at low densities, which is embodied in the effective force, should play a major role in fixing the neutron to proton ratio throughout the surface region. These aspects may also be of importance in other low density nuclear systems such as the expansion phase after central heavy ion collisions at intermediate energies or during the collapse of massive stars.
It therefore appears of great interest to investigate in detail the asymmetry properties of low density nuclear matter. This shall be done in this work using firstly a microscopic Brueckner Hartree-Fock approach starting from the bare NN force and secondly with current phenomenological forces of the Skyrme and Gogny type. The similarities and differences between both approaches shall be analyzed.
A semi-empirical connection between low density nuclear matter Equation of State (EoS) and finite nuclei surface properties has been presented in ref. [4] . The difference between neutron and proton root mean square radii in 208 P b was calculated for an extended set of Skyrme interactions. This difference r n − r p turns out to be linearly correlated with the slope χ of the corresponding neutron matter EoS at the chosen density ρ = 0.1 fm −3 . This slope, i.e. the derivative of the energy per particle with respect to density, can largely differ from one Skyrme force to another, since no direct phenomenological constraint exists for neutron matter. This study has been extended to relativistic mean field functionals in ref. [5] , and the same linear correlation has been found in ref. [6] , where the analysis comprises a large set of energy functionals. A partial explanation of the correlation was presented in ref. [7] on the basis of Landau Fermi liquid theory. However, this linear correlation still appears surprising, since it is well known that in order to properly describe the surface properties of finite nuclei the bulk term of the energy functional must be implemented with gradient terms, not included in ref [7] , which should also play a role in determining the value of r n − r p . One of the main aims of the paper is to establish to what extent the bulk part of the functional, which is directly related to nuclear matter EoS, dominates indeed the nuclear surface behaviour. To this purpose, we shall construct an energy functional based on many-body calculations, in particular for neutron matter, for which the EoS seems to be well established on a microscopical basis. This will be used to restrict the range of possible values of r n − r p .
A further important aspect of low density asymmetric nuclear matter may be its pairing properties. Indeed we will find that low density nuclear matter with asymmetry such that it is slightly unbound can become bound solely through the action of neutron-neutron pairing which is quite strong at low densities. This phenomenon may have important consequences in the formation of neutron-skins and -haloes in very neutron rich nuclei.
In detail the paper is organized as follows. In Sec. 2 we give a brief introduction to the microscopic many-body theory and present the results for different nucleon-nucleon realistic interactions, for symmetric nuclear matter, pure neutron matter and for asymmetric nuclear matter in general. In Sec. 3 the results for a few phenomenological NN effective forces are presented, and their comparison with the microscopic calculations is discussed. In Sec. 4 we construct a microscopically based density functional and we study the relevance of the gradient terms in determining the surface properties of different nuclei. Sec. 5 is devoted to the possible effects of the pairing correlations on the equation of state of very asymmetric nuclear matter at low density. Conclusions are drawn in Sec. 6. 2. The BHF approach to low density asymmetric matter Let us consider homogeneous nuclear matter at low enough density so that two-body correlations dominate. Of course, at very low density, clustering phenomena can occur, like deuteron, triton, helium and alpha particle formation. Therefore, we are going to consider densities which are low with respect to saturation, but still larger than the ones for the onset of clustering. Typically, we are considering densities between about one tenth to one half of the saturation density. In this density region, microscopic calculations based on Bethe-Brueckner approach are expected to be quite accurate, and they will be, therefore, the starting point for our analysis. The Bethe-Brueckner theory is well documented in the literature ( see e.g. ref. [8] ) and we will not repeat any details here. We simply want to mention that we will use the continuous choice of the single particle spectrum, as described in ref. [9] , since it was demonstrated there that the convergence properties are better than with the gap choice. Three bare forces, the Argonne v 14 [10] , the Argonne v 18 [11] and the Paris force [12] will be used. As it is well known, these two-body forces have to be supplemented by three-body forces in order to obtain a saturation point close to the empirical one. The semi-empirical force of ref. [13, 14] is used, with parameters that turn out to be the same for all the considered two-body forces. It has to be stressed that the relevance of the three-body force is restricted to densities around and above saturation. In particular, the three-body contribution around the density ρ = 0.1 fm
is less than 0.2 MeV and, therefore, it plays no role in our considerations. The introduction of three-body force is demanded here only to the aim of constructing a realistic energy functional, as it will be discussed in the sequel. Similar considerations apply to neutron EoS.
In Fig. 1 we show the results for the energy per particle as a function of density for symmetric nuclear matter and for pure neutron matter. As a reference we take the Argonne v 18 interaction, for which we did systematic calculations with a small density grid. The corresponding curves (small circles) have been obtained by a polynomial fitting to the calculated points. Its explicit form is reported in the Appendix. This gives the detailed trend of the neutron matter and symmetric nuclear matter equation of state at low density. At density lower than 0.02 fm −3 the equations of state have been extrapolated imposing that the polynomial crosses the origin.
We have then calculated few representative points for the Argonne v 14 and Paris potentials. We see that the results of the three forces are practically identical in this density region, both in the case of symmetric nuclear matter and pure neutron matter. Deviations are known to be present [15] among the different forces at saturation density and above. This close agreement at low density shows that the equation of state is determined mainly by the nucleon-nucleon phase shifts, namely by the on-shell G-matrix.
Another way to see this agreement among the different forces is shown in Fig. 2 , where we display the symmetry energy as a function of density, a quantity which should be relevant for the properties of nuclear matter at low densities, in particular in the surface region of nuclei. Here the symmetry energy is just the difference between the neutron and symmetric matter EoS (at the same density). In view of the agreement among the different forces, one can conclude that the equation of state of symmetric nuclear matter and pure neutron matter at low density is well determined from microscopic calculations and they can be considered as established.
These results can be used as a reference for more phenomenological approaches, which are expected to reproduce the microscopic equation of state if they have to be applied in the low density region.
In principle calculations can be extended to asymmetric nuclear matter with an arbitrary value of the asymmetry parameter. However, it is well known that the dependence of the equation of state on the asymmetry parameter β = (ρ n − ρ p )/ρ can be approximated by a quadratic form with very good accuracy [17] , i.e. the energy per particle e = E/A at a given total density ρ = ρ n + ρ p and asymmetry β can be written as e = e n · β 2 + (1 − β 2 ) · e s , being e n and e s the energy per particle for neutron and symmetric matter, respectively, at the same density. Once the symmetric matter and pure neutron matter equations of state are determined, it is then possible to calculate the equation of state for a generic asymmetry. In Fig. 3 we show a quantitative interpolation for various asymmetries of the energy per particle for the Argonne v 14 case. The striking point is that for the asymmetry parameter β ≈ 0.75 the Equation of State is practically flat with E/A ∼ −400 keV in the density range considered. No such behaviour is found for the phenomenological forces. The qualitative explanation for this behaviour of the microscopic calculation can be as follows. The average kinetic energy per particle increases as ρ 2 3 . If one neglects the density and momentum dependence of the G-matrix, the potential part at low density increases (in absolute value) linearly. However the Pauli operator quenches the scattering processes, and therefore the absolute value of the G-matrix is slowly decreasing with density. This means that the potential energy has an increasing trend that is slightly less rapid than linear. It is conceivable that for a suitable asymmetry the trend of the potential energy can be mimicked by a density dependence close to ρ 2 3 , which can compensate the increase of the kinetic energy in a relatively wide density range.
Phenomenological forces
Results for the different phenomenological forces are also reported in Fig.  1 and Fig. 2 . We have considered two Skyrme forces, Sly4 [1] and SkM* [2] and the finite range Gogny force [3] . They are among the most used ones in nuclear structure calculations. In particular, the Sly4 force has been adjusted also in order to reproduce the microscopic results of ref. [19] for pure neutron matter at high density. One can see that they are quite close to each other in the low density symmetric nuclear matter case, with the Gogny force slightly less binding. The situation is quite different in the pure neutron matter case, where a large spread of values for the EoS is apparent. This could be of course expected, since the Skyrme and Gogny forces are mainly adjusted to reproduce properties of finite nuclei, where the asymmetry is quite small. These discrepancies reflect into the symmetry energy displayed in Fig. 2 . It has to be stressed that at saturation the symmetry energy trend for the different forces shows a substantial agreement. Indeed, at ρ = 0.16 fm −3 for Gogny force a y = 31.62 MeV, for SKM* a y = 31.35 MeV, while for the Sly4 force a y = 32.72 MeV. Thus the trend at saturation is not preserved at lower densities, i.e. the value of the symmetry energy at saturation does not fix the behaviour of the symmetry energy at low density.
As already mentioned, for microscopic calculations the trend of the symmetry energy at low density can be considered independent of a realistic NN interaction and therefore we think that these results provide accurate values for the nuclear matter symmetry energy at low density.
Comparison of the results with the microscopic calculations indicate that additional constraints on the phenomenological forces can be introduced if pure neutron matter has to be well described. These constraints can be of great relevance for the description of the surface region of exotic nuclei with a large neutron excess. The slope of the neutron matter EoS, taken at a reference value of the density, characterizes the behaviour of the EoS in the low density region, in particular the amount of binding for a given EoS.
A comparison similar to the one of Fig. 1 , between microscopic calculations and phenomenological ones for pure neutron matter only, can be found in ref. [18] . The microscopic results for pure neutron matter, both from variational and Dirac-Brueckner, show a close agreement with the ones reported in Fig. 1 .
In neutron stars different spatial configurations of almost pure neutron matter have been conjectured to occur [18] just below the solid crust. These configurations are characterized by non-uniform density profiles, like rods, "lasagne", and so on. In particular, neutron bubbles should be quite sensitive to the detailed trend of the pure neutron matter EoS in the considered density range, and therefore an accurate tuning of the phenomenological forces, aimed to reproduce the microscopic neutron EoS, is probably appropriate. 4. From nuclear matter to finite nuclei In order to study the possible link between low density neutron and nuclear matter EoS and the surface properties of nuclei, we have constructed a simplified energy functional based on the microscopic calculations of Sec.
2. This will enable also a more stringent comparison with the finite nuclei calculations based on Skyrme forces.
In the BHF approach the nuclear matter energy density is just the sum of the free kinetic energy density and the two-body correlation energy
where n(k) = Θ(k F − k) is the free Fermion gas occupation number, M the nucleon mass, G the Brueckner G -matrix, and the variables k, k ′ include momentum, spin and isospin quantum numbers. Both kinetic energy term and correlation energy term are well defined functions of the density ρ. This sum will be identified with the bulk part of the energy functional. Notice that no effective mass is here explicitly introduced, at variance with the Skyrme functionals we are considering (Sec. 3). All the correlation effects are embodied in the interaction term U(ρ).
The full functional appropriate to finite nuclei can be obtained by keeping the same correlation energy U(ρ) and including a possible gradient term of the form η(∇ρ)
2 . Of course, this term cannot be obtained from nuclear matter calculations, and the parameter η has to be considered as a phenomenological one. This energy density functional could be understood within the Kohn-Sham (KS) theory [24] where the finite range Hartree term has been expanded in terms of distributions [25] providing the gradient term and where the bulk BHF energy density basically corresponds to the exchangecorrelation part. In a KS approach based on this functional the hamiltonian density will be
where ψ i are the single particle orbital wave functions, ρ(x) = i |ψ i | 2 . The wave functions ψ i are determined by minimizing the total energy with the constraint of particle number conservation. As it is well known, this gives the KS equations for ψ i and the total energy of the nucleus
To properly describe finite nuclei, the asymmetry and Coulomb energies as well the spin-orbit term have to be included. For the density-dependent symmetry energy we take the difference between neutron and symmetric matter energy densities locally. Also the asymmetry parameter β = (ρ n − ρ p )/ρ is calculated at each point. For asymmetric nuclei we will keep, for simplicity, the scalar gradient term of Eq. (2) and neglect the possible isovector contributions, which have a small influence and which can be included in the coefficient of the isoscalar term. The Coulomb energy is obtained from the proton density and its exchange term is evaluated in the Slater approximation. The spin-orbit contribution is equal to the one used in the Skyrme or Gogny forces. With this complete functional, which can be included within the quasi-local density functional theory [26] due to the spin-orbit term, an explicit link is established between the microscopic nuclear and neutron matter EoS and finite nuclei. A similar procedure was followed in ref. [20] for a relativistic extended Thomas-Fermi calculation of finite nuclei based on a Dirac-Brueckner-Hartree-Fock EoS.
With this functional we performed Kohn-Sham calculations for the magic nuclei 16 O, 40 Ca, 48 Ca, 90 Zr and 208 Pb. The free parameters for our functional,i.e. the parameter η and the strength of the spin-orbit force W 0 , are fitted to obtain a good reproduction of the experimental binding energy, charge radius and spin-orbit splittings of some levels near the Fermi surface of the previously mentioned magic nuclei.
At the practical level, the correlation energy density U(ρ) of the v 18 EoS was fitted with a simple polynomial form, to be used in the actual KS calculations, as already mentioned in Sec. 2. For densities close to the saturation one we allowed some small deviations of few hundreds keV from the calculated energy values, so that the saturation point turns out very close to the phenomenological one. This deviations are within the numerical accuracy of the microscopic calculations and are introduced to make the functional as realistic as possible. The main region of interest for the nuclear surface is of course the low density region, where the microscopic calculation is accurately reproduced. We got for the saturation density ρ 0 = 0.155 fm −3 and the corresponding energy E/A = −15.4 MeV. The incompressibility and symmetry energy at saturation are K = 247 MeV and a y = 31.34 MeV, respectively.
With this functional we performed KS calculations for a set of nuclei and varied the parameter η in order to get a good reproduction of the data throughout the periodic table. As a reference we took the value from the SkM * force, η = −68 MeV fm 5 . The optimal value turns out to be η ≈ −53. The spin-orbit strength is fixed to 130 MeV fm 5 . Some results are reported in Table 1 , in comparison with SkM * , which gives excellent reproduction of the phenomenological data. Of course, this microscopically based functional cannot compete with more phenomenological ones, like the SkM * functional, since in this case only the parameters η and W 0 are adjusted. However, this procedure allows to obtain a realistic enough functional as basis for our considerations on the link between surface properties and nuclear matter EoS.
The results reported in Table 2 for the neutron r n and proton r p root mean square radii show the possible influence of the gradient term on the value of its difference r n − r p . One can see that this quantity is, to a large extent, insensitive to the precise value of η, and even for η = 0 its value is not dramatically changed. In other words, the value of r n − r p is mainly determined by the bulk part of the functional. This result provides an explanation, or at least a justification, of the existing link between the value of r n − r p and nuclear matter EoS.
Also the absolute values of the neutron and proton radii seem to be only marginally affected by the value of η. We have also checked that a possible isovector gradient term (i.e. the gradient of the difference between neutron and proton densities) does not affect appreciably the results on radii. On the contrary, as expected, the binding energy is quite sensitive to the strength of the gradient term, which has a large effect on the surface energy as it can be seen from Table 2 . An estimate of the mass formula surface energy coefficient a s can be obtained by subtracting from the total energy the bulk energy in asymmetric nuclear matter as well as the Coulomb and spin-orbit contributions, which can be all easily extracted from the KS calculations. This coefficient estimated for several values of the η parameter are also reported in Table 2 . In the case of 208 P b, one indeed realizes that the surface energy reduces by about a factor 1.7 going from the value η = −53 to η = 0 , pointing out the key role of the gradient term in the energy density to properly describe the nuclear surface.
Following refs. [4, 5, 6] we consider the possible correlation between the difference r n − r p and the nuclear matter EoS. Instead of considering the slope of the neutron EoS at the density ρ = 0.1 fm −3 , we prefer to consider the slope χ of the symmetry energy a y ( at the same density ), i.e. χ = da y /dρ. As shown in Fig. 4 the approximate linear correlation, found in refs. [4, 5, 6] , is also valid with this different choice for the EoS parameter. This is probably due to the fact that the symmetric matter slope at the reference density is quite similar for all forces. The set of relativistic mean field functionals clearly cluster on the upper -right part of Fig. 4 , while most of the Gogny and Skyrme forces are concentrated in the lower -left part. The point ( the star in Fig. 4 ) corresponding to the microscopic functional, constructed in the present work, lies within the Gogny and Skyrme region. This indicates that the small discrepancies between the microscopic and Skyrme forces EoS, as displayed in Fig. 1 and Fig. 2 , do not modify appreciably the considered linear relationship. An accurate measurement of the neutron radius in 208 Pb, as projected through parity violating electron scattering at Jefferson Laboratory should allow to obtain a value of r n − r p precise enough to discriminate between different sets of EoS, i.e. the one based on relativistic mean field and the one on Skyrme forces or microscopic functionals, respectively. The non-relativistic microscopic functional gives a well defined prediction for the position of the point along the linear plot. The uncertainty contained in this analysis, namely the precise value of the parameter η, is well below the discrepancy between the two sets of functionals.
Superfluid properties
It is well known that neutron superfluidity is a pronounced function of density and is strongest for about one fifth of the saturation density, where the gap is about 3 MeV [21]. We therefore can expect that for β ≈ 0.75 where the EoS is completely flat, the additional pairing correlations can form a local pocket in the EoS where the superfluid correlations are strongest. We therefore made a calculation where in addition to the Brueckner approach we included pairing correlations in the BCS approximation using the bare force in the gap equation. The procedure is the same as the one used in ref. [22] . Many-body correlations can alter substantially the value of the gap [23] . However, the issue is still controversial and we prefer to use the value calculated within the BCS approach with the bare interaction, keeping in mind that the results have to be taken as qualitative. In Fig. 5 we show a blow up of the EoS in the region close to zero binding with inclusion of the superfluid phase, again for the Argonne v 14 potential. We see that indeed a broad depression around ρ = ρ 0 /5 − ρ 0 /8 is formed which is about 200 KeV deep. This means that nuclear systems with β ≈ 0.75 at very low density should be stabilized around this range of density values. For example such a scenario may take place in the outer part of the skin of very neutron rich nuclei where indeed the β-values become very large and the neutron density drops to low values. Of course we are aware that such type of picture based on the LDA idea may have only qualitative value. Nevertheless it may shed light on the results of more quantitative structure calculations for finite nuclei.
Conclusions
In this paper we investigated within the Brueckner-Hartree-Fock approach nuclear and neutron matter at low density typically between one tenth and one half of the saturation value. At these densities the various realistic forces employed give practically identical results, and we may say that neutron and symmetric matter EoS are well established in this density domain. We also give the EoS as a function of asymmetry with the help of the well founded quadratic interpolation formula. We are particularly interested in the EoS for large asymmetry as they may be found in the surface tail of neutron rich nuclei but to a less extent also in stable nuclei.
One of the main purposes of the paper is to elucidate the microscopic origin of the recently discovered strong correlation between neutron rms radii of heavy nuclei and the EoS of neutron matter [4] and to what extent this correlation persists within a microscopic scheme other than semiphenomenological energy functionals. We first compared our microscopic EoS in the low density regime with the ones of various modern Skyrme and Gogny type phenomenological forces. Though there is qualitative agreement in the overall behaviour of the EoS there exist important local deviations. Our microscopic results may therefore serve to fine-tune future effective forces in the low density regime possibly improving in this way the surface properties of finite nuclei Then we constructed a realistic density functional based on the microscopic bulk EoS and applied it to a set of symmetric and non-symmetric nuclei. The outcome of this analysis can be summarized as follows. i) Some differences between the microscopic and the Skyrme or Gogny EoS appear at low density. In particular, for symmetric nuclear matter around ρ ≈ 0.02 fm −3 the microscopic EoS appears to have more binding than all the considered phenomenological ones. ii) It is possible to construct an energy functional from the microscopic EoS which is able to reproduce phenomenological data on nuclei at a level of precision comparable with the best Skyrme or Gogny forces. Only two parameters, the strength η of the density gradient term and W 0 of the spin-orbit force, are adjusted. iii) It is found that the difference r n − r p between the neutron and proton rms radii is only marginally sensitive to the parameter η. This justifies the possibility of a direct link between this radii difference and the bulk nuclear matter EoS. iv) For the microscopic functional, it turns out that the value of the radii difference ( in the lead nucleus ) and the slope of the symmetry energy in nuclear matter at the reference density ρ = 0.1fm −3 are in agreement with the linear correlation found previously for the phenomenological effective forces. The microscopic prediction is close to the Skyrme or Gogny cases, while it differs substantially from the predictions based on relativistic mean field approximation. Therefore, an accurate enough measurement of the neutron radius in 208 Pb could give direct informations on the bulk nuclear matter EoS via the neutron skin r n − r p .
We have also considered the nuclear matter EoS at different asymmetry values. For the strong asymmetry around β ≈ 0.75 we found as a particular feature that the microscopic EoS is practically constant over a quite large range of low density values. Switching on neutron pairing known to have a strong maximum at low density, we find that a local minimum in the EoS at β ≈ 0.75 develops for densities of ρ 0 /5 to ρ 0 /8. This local pocket, about 200 keV deep, may have an important bearing for the extra binding of neutrons in the far tail of neutron rich nuclei and eventually in the formation of neutron halos. 6 Acknowledgement.
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In this Appendix we give details on the explicit form of the microscopic energy functional discussed in the paper. The bulk term of the energy functional is the sum of the free kinetic energy and of the correlation energy part U(ρ). The latter, if we put x = ρ/ρ 0 , with ρ 0 = 0.155 fm −3 (see Sec. 4), is given by (energy per particle in MeV) 3 ) of the symmetry energy at the density ρ = 0.1fm −3 . Squares from the top correspond toNL1 [27] , NL3 [28] , G1, G2 [29] and Z271 [30] . Triangles to Gogny forces D280, D300, D250, D260 D1 and D1S [31] . Circles correspond to the Skyrme forces SV [32] 
